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Minimal Model Program
Learning Seminar
Week 8 :

• Adjunction
• Inversion of adjunction

• Duality theory .



Duality Theory .

Aim : Given a projective variety X define a sheaf ¥

such that Hi CX
,
F ) e Hh

- i

CX
, Homo. CF,w×D

"

)
holds for every

Cohen - Macaulay sheaf F. duahzig sheet .

Serre duality : Hn Chan , F ) is dual to CF
q
- cohl .

Hom
you
(F , Upn (Kipn )) are dual vector

spaces

If F is locally free ,
then

Hi ( Ian ,F) e H
" "

( Han, Upn ( kaon) f-
* J
"
'

Dualigny sheaf : Wx coherent on X with a surjection

Trace
× : H

"

(X
, Wx )- K such that for every

F coherent
,

Truex induces 2 K - isomorphism :

Homa CF , Wx ) E Hom (H " (X. f), K ) .

The pair Wx .
Trace x ) is emigre if

it exists .



Proposition : Let fix→ Y be a finite morphism .

F- coherent sheaf on X and g coherent sheaf on T
.

f
!

g ie Homo, Cf * Ox , g ) with the natural

Ox - module structure

G) There exists a f- *Ox - isomorphism

f- * Homie> (F. fig ) - Homo, Cfafig ) ,
r

Cz) In particular , there is a natural tr - isomorphism :

Hom
,
CF , fig ) - Hom

, Cf . E. g ) .

Proof ' "

IIe:c:* . )
Homa ( H , Homo CA , NJ) - Homo CM , N )

U U

x x

X Cms : a ↳ farms

for every a
c- A and me M .



surjective
X

Proposition : Let f : X → Y 'be a Hete morphism

of proper schemes
both of pure Simenson n . If we exists

,

then Wx exists and Wx=f
!
we

.

Proof : Define Wx Ef
!
We

.

Hom × CF, Wx ) = Homx CF - f !Wt↳ Wy is a right
= Horny (f *F , Wy ) adroit for

push - forward.

= H " (Y
, faf )

"→
Wt is a dodgy

15 sheaf .

e Hh (X, FJ ?

Riff - o for iso -

Corollary : Wx exists and is S2 for every projective variety
X over K .

Proof . We have fix → Hat . say & finite .

X- Ian . Wray exists
,

hence Wx exootr
UI

Hann WX is 52 ⇐ for Wx is Sz .

f-* Wx is Flom boa locally free shoe .t÷m
.

G .

so it is S2 .



Corollary : X prog
scheme of pure

dm n over to .

F is a coherent sheaf on X orch that rppf has

pure dimension n . Them the following conditions are satisfied :

as If f- is CM
,
then Homo. G-aux ) is Ate

The converse is true if F is a Ss sheaf .

Cal If X is Sa ,
then Ga is CM iff Wx is CN

F is S2 .

Proof : I) f : X- P
"

surjective and finite j
f- is CM Es f- * F is locally free

Homa
,
Cfiwx ) is CM ⇐ for Homer CF, Wx)

"

a.

to"

Ftomoipn G-*Fi



Duality Theory :

Theorem : X projective scheme of pore
dim n over a field or .

F- a CM sheaf on X smh that appt has pure timeworn .

Them we have an isomorphism :

Hi CX.FI - Hn
- i (X , Homo. CE , wxD?

Proof : f : X→ Ha
"

=P be a finite rrj morphine

Hi CX
,
F) = Hi CP, f- *F) ,

+ appFox
.

d-* F- is locally since F is CMG, serre
Snl for bath

- free

Hi ( P, faf ) = H " "

(P , Hom @p
(ga Fi up ))

"

by Serre duality ,
and furthermore

Hmi (p , Hom @p
(fin Fi WP )) -

← night adj .

Hn
-i

( P , for Homo. Cf . Wx )) -

← Wx is a thingy sht .
Ha

- i

(X , Homo, CE cwx )) .

Hi CX
,
F ) io deal to H "

" CX , Hom a.CE, Wx)) -



Proposition : X projective CM scheme of pure
dm n .

over a field K and DEX Cartier tremor
.
Then

END = Wx CD ) ⑥ OD .

Proposition: Let X be a normal projective variety of dim n

over a field r .
Then Wx - Ox Ckxl .

Adjunction formula : X smooth & DEX smooth Carter .

Then (Kx +D) to = Ko
. .

p
Weil

. reduced .

Aim : Compare singularities of (X. Bts ) log pair

with those of CS , Bls ) .

Remain . If S is Cartier in codimension two
,
then

.

(krxt Bts ) Is = Kst Bls .

(
s:*:*.

If you have quotient singularities in codimension two
.

Si?

(Kxt Bts) Is = Ks +Bls t ( i - 'a) Pi Gianni
Pies

"

I 1244.4
where Pi is a cod two point of X which is orbifold of order mi .

X



Adjunction : If the
ng of (X.Bts ) are nice then

the
org of

Csc Bls ) are nrce .

Inu of adjunction: If G. Bls ) has nice
sing

then

so does (X
,
Bts ) .

Proposition : X normal , S normal Werl Cartner in od z .

- ES closed B - I
' bi Bi so Q - Timor

A- some Kxtstb is Ch - Carlsen
.
Then :

total tiswep (center ez , s . Bls ) >
(X.Bts)

- pit
isuep ( center EZ ,

X , StB ) 3 I,
Jiscrep ( centerASEZ ,

X , St B ) GiBls ) htt

Proof : f : Y→ X log resolution of (X.StB)

S
'
- fi's , foils TB) is smooth ,

Ei exc which intervals

S' then center× Ei ES .

Ei tiffs
' Ei# s

'

I - ¥
I

-# s



Kyte ' = f" (Kx tst B) + I' er Ei .

I
adjunction

Ks ' = Ktts
'

le Kx +St Bls - Ksa Bls

Hs ' E fi ( Ks +Bls ) t I' ei (tins ' )
.

S
'

is disjoint from f-I
'

B
.
hence if E ins

'

Ef .

then Ei is f - exc and center
,
Ei Es .

Hence we showed that
every hog dosa . which

happens in S→S also happens in X-X

in oooh a way
that the center lies inside s .

µ .

Ei
If Ei is exc over X,

# s
'

then Eins '

may not

✓ be exc over S .

I
×

s



Problem : disc
rep of G. Bls ) are me but there

of (X. Bts ) are bad . E exceptional over X

with QE (X.Bts ) co -

E

£7 s
' Y log resolution of X .

\
.

I Ens
'

T x

Philosophy : In a Fano object ,

the lows which

is most singular is connected .

The theorem that realizes principle is called

Kollar - Shomron connectedness Theorem .



Definition : (X.B) a hog pair .

2- EX is a log canonical center if there exists

E- over X wrfh • OCECX ,
B ) -0

• CE CX ) - Z .

We denote by LCCCX ,B ) the union of all lads
.

.

-

t is a closed subset .

Theorem (Kollar - Showorov connectothers) :

X→ Z
proj morphism , (XB ) Ic

.

-CkxtB)

2mZ ,
then LCCCXIB ) is connected over Z .

or - trivial
↳ by the af most two comp

suffices .

Example :

y
Ha

'

deg trip . = - 2-

bit bet b , < 2
• I

b → I. 6--1
.

Remark : field K is Cs is every homogeneous fcro. . - isometric. .-as
of deg en has a non - trivial zero

- (Fano variety )
PAC :

every geometrically integral to- var has a K - point .
A x : Is every PAC field of char o es ? Yes .



Theorem .

. Let
g
: Y→X be a proper birational morphism .

Y smooths X normal Let D= EitiDi one Q-Suroor ont
.

such that g*D so and - ChetD ) org
- neg . Write

A -
"
II. b-Di & F- door

.

Then Supp F -
- supplFI is connected in a neighborhood of any

fiber off .

Proof : FAI - LFS = ke -g
- Christo ) that theft

.

By KY warning R'g* Del FAI
- Les ) -o

O → Oy ( FAI - LFS ) → Or CFAI ) → Guest FAI ) -so
I connected .

Joe Oyl FAI ) →s Jx Clues CFAII .
"

↳ will have 22 non -tmt
Ux wmms

FAI is g
- exo s eff → ga @rectal ) -Ox .

LHD zo
⇒

404%1

LFUFz in a neighborhood of g-
'
cat

.

ga Oles ( FAI ) cos
- La Ofs CFADcxstfaOFIFA77c.es

Ox
..

→ →e-
. e



Theorem : Let X be a normal variety and SEX

normal Werl timer which is Cartier in cod 2
.

B so Q- throw sock that hextsa B is Q - Cartner . Then .

Css (X.St B ) is pit near S off CS , Bls ) is htt

G) Aooome in addition B is Q - Cartner and S is nib .

Then (X , StB ) is k near S off Csi Bls ) is lc

Proof : ⇒ is a previous prop .

We need to prove ⇐ )
g
: Y- X log resolution of Exists.

Ket Deg
* ( bxtStB3 S

'
-

ga'S , F - S
'

tf
'
.

where F
'

contains a comp of caff 21 .

By adjunction Ks ' =g* Chest Bls ) t CA
- F ' Ils .

(X ,Bts ) is pit near S iff F'ng
- ' Cs 2--4 .

Cs , Bb ) is htt iff CF 's > 'n s
'

-4 .

Is

By Ks connectednoo ,
KES

, there exists Ux EX sit .

(s' UCF )" ) ng
- ' C -0×3 is connected

,

I
I.

hence F'ng
- '

Loxley ,

money x around s

we finish the proof of the statement . El .



Adjunction to higher codimension centers :
" CX

,
StB ) my

⇐ G. Bls ) org

(X , B ) , Z is a log canonical center of CX
, B ) .

Cosme CZ ,X ) - s .

Codim (Z ,
X ) 32 .

define CZ.BE ) oooh that the soy of
CX , B )

around Z can be compared to those of CZ
,
Bz ) ? .

y

E

g*CkxtBH KetBet Ele
k

✓ HE t BE .

⇒ f f
is trivial over Z .

- HE + BE - ouzo .

£

WE want to write

KETBE =g*CkztBzt Mol .
I ↳ means the

measure the
sing

variation of motor -

of the fibration


